Downloaded 12/22/20 to 115.156.141.50. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

SIAM J. CONTROL OPTIM. © 2020 Society for Industrial and Applied Mathematics
Vol. 58, No. 6, pp. 3389-3412

A GAUSS-SEIDEL TYPE METHOD FOR DYNAMIC NONLINEAR
COMPLEMENTARITY PROBLEMS*
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Abstract. The dynamic nonlinear complementarity problem (DNCP) consisting of a nonlin-
ear differential system and a complementarity system has been used to formulate and study many
dynamic problems. In a Gauss—Seidel type method for DNCPs, by first guessing a solution of the
differential system, we can solve the complementarity system and then with the computed solution
we can solve the differential system to update the guess. Upon convergence at the current time point
we can move to the next one. The idea can be easily generalized to a multipoint version: instead of
doing iterations at each single time point, we can do iterations for a number of time points, say J time
points, all at once. Despite its simplicity and easy implementation, convergence of this method is not
justified so far. In this paper, we present interesting convergence theorems for this method. We show
that the method with a fixed length of time interval converges superlinearly and the convergence rate
is robust with respect to the step-size h. Moreover, we show that the method with a fixed number
of time points converges with a rate O(h). Since at each iteration the differential system and the
complementarity system are solved separately, many existing solvers are directly applicable for each
of these two systems. It is notable that we can solve the complementarity system at all the J time
points in parallel. Numerical results of the method to solve the 4-diode bridge wave rectifier with
random circuit parameters and the projected dynamic systems are given to support our findings.
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1. Introduction. We are interested in solving the following dynamic nonlinear
complementarity problem (DNCP) with initial value z(0) = xo:

(L) i) = F(t,z(t),y(t), 0<y(t) LGt (t),y(t) >0, t € (0,7),

where z(t) € R™, y(t) € R}, F : Ry x R x R? — R™, and G : Ry x R™ x
R? — R™. The nonnegativity and perpendicularity in (1.1) are explained in the
component sense. Applications of differential complementarity problems and other
closely related models, such as the differential variational inequalities [12, 31], can be
found in many places; we refer the reader to the excellent monographs [13, 16] and the
survey papers [26, 29]. An important subclass is the following differential semiaffine
systems [2, 16, 26]:

(12)  @(t) = Plt,o(t)y(t), 0<y(t) L Na(t) + My(t) +g(t) > 0, t € (0,T),
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where N € R™*™ M € R™*" and g : R4 — R™. A special case of (1.2) is the dynamic
linear complementarity problem (DLCP) [4, 5, 6, 9, 16, 18, 20, 26, 28, 30, 32, 33]:

(1.3) @(t) = Az(t)+ By(t)+ f(t), 0<y(t) L Nx(t)+My(t)+g(t) >0, t € (0,T),

where A € R™*™ B € R™*" and f: R, — R™.

For a DNCP, the exact solution is not available in general, and quantitative study
of these problems mainly relies on numerical computation. The time-stepping method
is widely used [1, 4, 9, 10, 11, 13, 16, 18, 20, 26, 33]. Applying the Backward-Euler
method to (1.1) gives

(14) Ogyj J_G(tj,xj7yj) >0, T :Qij,l—‘th(tj,Q?j,yj), j:1,2,...,Nt,
where h = % is the step-size and N, is a positive integer.” Clearly, the major
computation cost of solving (1.1) lies in solving the nonlinear system (1.4) at each
time point, and the goal of this paper is to establish an efficient method to solve such
a nonlinear system.

1

1.1. The existing methods. There are two mainstream methods for solving
(1.4) at each time point. The first one is a direct method, which is for DLCP (1.3).
The nonlinear system (1.4) for DLCP is

(1.5)
0§yj J_Nl'j +Myj+gj >0, xj :xj,1+hij+hByj+hfj, J=1,2,..., Ny

From the discretized ODE system x; can be given as
(1.6a) zj = h(I — hA)" By, + f; with f; := (I — hA)"Y(z;_1 + hf;),
and then we substitute x; into the linear complementarity system (LCS) in (1.5):

(1.6b)
0<wy; L+ Mpy; >0with My, :=hN(I —hA)'B+M, §;:=g;+Nf;.

Solving (1.6b) gives y; and then by substituting y; into (1.6a) we get x;. Method
(1.6a)—(1.6b) is extensively studied in the literature; cf. [1, 4, 5, 10, 11, 18, 20, 25, 26].
Problems exist for this approach in two aspects. First, even though the LCS in (1.5)
has a unique solution in a certain sense, there is no guarantee that this is also true for
(1.6b). For example, if M is a P-matrix? the LCS in (1.5) has a unique solution at
each time point ¢;, but this is often not the case for (1.6b) because the matrix M}, may
not be a P-matrix, unless the step-size h is sufficiently small. Second, for large-scale
problems, e.g., the DLCPs arising from the parabolic Signorini problems [14, 32], it
would be difficult to compute the matrix Mj. For example, suppose B = [by,...,b,];
then we have to solve n linear systems {(I — hA)~'h;}7" ;. The massive computer
memory and computation time required would be serious problems if A and B are
large size matrices.

The second mainstream method for solving (1.4) is the semismooth Newton
method [7, 9]. Under some suitable assumptions, the complementarity system has
1We assume that the time points {t; }}'Izo are equally spaced, ie., {t; = jh};-v:to, but this is not
a restrictive assumption since all the results obtained in this paper also hold for arbitrarily chosen

time points.
2A matrix M is called a P-matrix if all the principal minors of M are positive.
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a unique solution denoted by Y(z;). Then, by substituting this expression into the
differential system we get a nonlinear system concerning x;: F(z;) = 0, where

F(z) :=2z—xj—1 — hF(tj,2,Y(2)).

Applying the semismooth Newton method to this problem results in the following
iterations:

(1.7) ijAacf = —.7-'(:5?), k“ Am + 33 k=0,1,...,

where x is the initial guess and V’c is the Clarke generalized Jacobian matrix of
F(z) at xk The semismooth Newton method is locally convergent, and therefore, the
initial guess :z:(]) must be very close to z; [9]. Moreover, it would be difficult to get the

Clarke Jacobian matrix VJ’C for DNCPs of large size.

1.2. New idea. The goal of this paper is to avoid the aforementioned problems
for the direct method (1.6a)-(1.6b) and the semismooth Newton method (1.7), by
solving (1.4) iteratively in a Gauss—Seidel fashion:

(1.8) 0<yi™ LGy, ok, i) 20, ™ =y + hF(t;, 28T i),

where k£ > 0 is the iteration index and x? is an initial guess of z;. Upon convergence,
we have 27° = z; and y;° = y;. Since the differential and complementarity systems
are solved separately, for each of these two systems many existing methods can be
used without changes. Precisely, the nonlinear function F' that models the differential
system is often a smooth function, and therefore, xéﬁl can be obtained by using
the classical Newton method [15]. For the complementarity system, we can solve
it by many mature solvers, e.g., the iterative method based on some linearization
technique [27] and the PATH solver [17].3

Of particular interest is the semiaffine problems (1.2), i.e.,
(1.9)  0<yy™ L Nah+ Myy* 49, >0, af*™ = ;1 +hF(ty, 2Tyt

for which we can solve the LCS via existing optimization solvers. For example, if
M is a Z-matrix,* we can obtain yf“ via solving the following linear programming
problem [9]:

min ||y[l1, s.t. y >0, My —|—Nm§f +g; > 0.

Moreover, for DLCPs, i.e.,

(1.10)
0<yi™ LNah + Myb™ +g; >0, 2™ =a;_ 1 + hA2b™ + By + 0 f;,

we need to solve only one linear system to get ka, ie, (I — hA)g:;?'|r1 =xj_1 +

hBy’”'1 +hf;. Suppose after k* iterations of (1.10) the error arrives at the prescribed
tolerance; then we solve k* linear systems in total. In practice, e.g., for the examples
studied in section 4, k* is much less than the number of linear systems needed to form
the matrix M}, for the direct method (1.6a)-(1.6b) and the Clarke generalized Jaco-
bian matrix ij for the semismooth Newton method (1.7). For large-scale problems,
this is an important advantage.

3The most recent PATH solver can be downloaded for free from http://pages.cs.wisc.

edu/~ferris/path.html.
4A matrix M is a Z-matrix if its off-diagonal elements are nonpositive.
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Instead of applying (1.8) to each single time point, we can generalize the idea to
a multipoint version as follows. First, we divide {t¢1,¢2,...,tn,} into P groups:

{t17t27 e ,tJ}a {tJ+1atJ+2a cee 7t2J}7 LRI {t(Pfl)J+1at(P71)J+27 e 7tPJ}7

where tpy =tny, =T and J = % > 1 is an integer. Then, we apply (1.8) to each
of these P groups of time points one-by-one. Without loss of generality, we assume
P =1 (i.e.,, J = N;) and then we get a multipoint version of (1.8) as

(1.11) 0<yi™ LG (ty,2f, g ™) >0, 2t =2l 4 hF (1,257, )

where 7 = 1,2,...,J. The quantities {yf“}j:l are independent of each other, and

therefore, the computation of the complementarity system at all the J time points is
in parallel. If the computation of the complementarity system is much more expensive
than that of the ODE system, e.g., for DNCP (1.1) with n > m, such a parallelism
can save considerable computation time.

The iterative algorithm (1.8) is the basis of this paper, but for completeness we
will make a convergence analysis for the multipoint version (1.11) and the convergence
properties of (1.8) can be directly deduced (cf. Remark 2.2). We will show the con-
vergence of the iterative method (1.11) when G is a uniform P-function with respect
toy (cf. (2.1) for definition). We prove that the method has two different convergence
properties depending on whether we use it for a fixed length of time interval or we
use it for a fixed number of time points. For the first situation, we prove superlinear
convergence with a rate independent of the step-size h. For the second situation,
we prove that the method converges with a rate O(h) and thus a smaller step-size h
accelerates the convergence speed. For the case when G is a linear function of vy,

(1'12) G(tvx(t)7y<t)) = My(t) + G(t,l‘(t)),

we prove that these results hold if M is a Z-matrix or positive semidefinite matrix.

The rest of this paper is organized as follows. In section 2, we present the conver-
gence analysis of the new iterative method for the case when G is a uniform P-function.
In section 3, we consider the case (1.12) for M being a Z-matrix or positive semidef-
inite matrix. In section 4, we show applications together with numerical results of
the new iterative method for differential complementarity systems arising in three
different fields. This includes a direct application of the method to a 4-diode bridge
wave rectifier consisting of a nonlinear resistor and a capacity with random value, and
a modified application of the method to a projected dynamic system arising from the
spatial price equilibrium problem. The numerical results show that the new iterative
method is superior to the existing methods, with respect to robustness, complexity,
and computation time. We conclude this paper in section 5.

Remark 1.1. An iterative method of Gauss—Seidel style for solving DLCPs has
been studied in [32]. The main idea is to express the exact solution z**1(¢) via
Laplace inversion transform:

(1.13) " (1) = % / e~ (sT — A) " (w0 + BY* ' (s) + f(s))ds,
r

where 7**1(s) and f(s) denote the Laplace forward transforms of y**1(¢) and f(t) and
I" denotes a contour in the complex plane, which is a simple, closed, positively oriented
curve enclosing the spectrum of A. This method is only applicable to DLCP (1.3).
For the nonlinear case or the linear case with time-dependent coefficient matrix A(t),
we cannot represent x**1(¢) via Laplace inversion, and thus the method proposed
in [32] is entirely not applicable to DNCPs.
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2. Convergence analysis in the uniform P-function case. In this section,
we consider the case that the function G(t,z,y) is a uniform P-function of y in R,
i.e., there exists a constant Ly > 0 such that (cf. [26, section 5])

(2.1) e (5 = 1) (Galt, 2, ) — Gilt, 2,) = Lollg - 313,

which holds for all (t,2) € Ry x R™ and g,7 € R, where G; denotes the [th com-
ponent of the function G. Moreover, we assume that there exists a constant Lg > 0
such that

(2.2) |G(t,z,y) — G(t,z,9)|2 < Lallg — g2 V(t,z) € R x R™, 3,5 € RY}.

The property of uniform P-function, together with the Lipschitz condition, for the
function G implies the following lemma.

LEMMA 2.1 (Theorem 5.1 in [26]). Suppose the function G(t,x,y) satisfies (2.1)—
(2.2). Then, the nonlinear complementarity problem 0 < y L G(t,x,y) > 0 has
a unique solution Y(x) for any (t,z) € Ry x R™, which is a Lipschitz continuous
function of x at a fized t. Particularly, there exists a constant n; > 0 such that
[Y(Z) = V(@2 < mellz — Z|2-

Remark 2.1. The property of uniform P-function resembles the notion of “point-
wise strong regularity” discussed by Pang and Shen in [24]. The assumption of point-
wise strong regularity is weaker than the assumption of uniform P-function property,
and a local Lipschitz solution can result in a specific NCP solution, which is similar
to the statements of Lemma 2.1.

We next assume the following Lipschitz conditions for F'(t,x,y):
<F(t7£7y) - }7(7’L7§j7:l/)5f - j> < LlHi‘ - ‘iH% V(t,y) € R'i‘ X Rr—:—v ivi‘ € Rma

(2.3) "~ . o o
1Bt 2, 9) = F(t 2, 9)ll2 < Lolly — gl V(t,2) € Ry xR™, 5,9 € RY,

where (-) is the standard Euclidean inner product, L; € (—o00,00) and Ly > 0.
The first condition in (2.3) is called one-sided Lipschitz condition, and L; can be
positive or negative. The following lemma (see Appendix A for the proof) about the
combinatorial identities is useful for the convergence analysis for method (1.11).

LEMMA 2.2. Letr > 0 and ¢(r, J, k) = Z}']1:1 ;;:1 e ;:;11 r/=Ik. Then, we
have

k J+k—-1-1 o
ulrwzz=1< oo TEL

(2.4) W(r, k) = (J e 1) i
k )

THEOREM 2.3. For problem (1.1), suppose the functions G and F satisfy (2.1),

(2.2), and (2.3). Then, for method (1.11) the error ef = x; — x% satisfies

i (hin)* (1, J, k) maxo<j<s [€] |2 if Ly =0,
(25) max [kl < G b\ o
0<5<J Qﬁ((l — hLl) ,J, k) (m) maxi<;<J ||6jH2 ’Lf L1 75 0,

provided hLy < 1, where 7 = Lon and x; is the converged solution (i.e., the solution
of the fully nonlinear one-step problem (1.4)).
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Proof. By using Lemma 2.1, we represent y’”’1 as Y(x J) and the converged solu-
tion y; in (1.4) as Y(x;). Therefore we can rewrite (1.4) and (1.11) as

vj = w1 +hF(t, 25, Y(xy), T =2l 4 hF (2T V().

J J’]

For the simplicity of notation, we let e’? =x; —xj, q=Y(z;), and ¢* = y(xf) Then,

e-];"rl k+1+h[ (tjvxjvq)iF(tjv §+17q )]

l’c-Q—le7

To get an estimate of |le we consider the following inner product:

<6§+11 ;C+1> < §+17 §+11> +h< A F(tjvxjvq) F(tjvx;ﬁleq»

+ h(est! F(tj,:cf“,q) — F(tj, =5, ¢")).
By using the Cauchy—Schwarz inequality and the two Lipschitz conditions in (2.3),
we get

(2:6)  [lef B < llef T lallef 2 + hLallef T3 + hLallef  l2llg — " [lo-
For the last term in (2.6), by using Lemma 2.1 it holds that
lg =" ll2 = 1Y (x5) = Y(5)ll2 < nllef -
Substituting this into (2.6) gives ||ek+1||2 < HekHHz—i—hLlHekHHQ-I—hnHekHQ, with 77 =

Lon. The assumptlon hL; <1 implies ||e; R < = hLl ||ek+1||2 + 1= hLl [e¥]]2.
Let {6 o be the sequence defined by
1 hn
k k
G = T O T Witk = efllab and {f = Ohizo.

k
J-

maxi<i<Jj e and maxi<;< e . We have

hn J —(j l -
27) = 1_hle (1—hLy) U0k = h Z (1—hLy) 77 e,

and a successive application of this relation yields

Jk—1 i
Z DOFIIED DN TSt
Jji=1 J2= 1 Jr=1 k

which gives eg? < [( Ik S =1 ;;:1 e ;’;;11 (1- hLl)jrjfk} maxo<<; €y. This

relation holds for all j € {0,1,...,J}, and we therefore get

2.8 k o Je—1 - Je—J 0
29) g e < (7)) {zh S Y = e

It remains to estlmate the nested summation in (2.8). We consider the followmg two

It is clear ||ekH2 < €?. So, it suffices to establish a suitable inequality between

cases. Let r = W Then, it holds that 37 _ St ...kt (1 — hLy)* 7 =

J1 J2= Jk
Y(r, J, k), where ¢ is the function given by Lemma 2.2. Applymg Lemma 2.2 gives
the desired result (2.5). ad

Based on Theorem 2.3, we next study the asymptotic convergence rate of method
(1.11) in the case that the step-size h approaches zero. Such an asymptotic con-
vergence analysis gives more convenient estimate of the convergence rate. We will
distinguish two situations:

1. method (1.11) is used with a fixed number of time points, i.e., J is fixed;
2. method (1.11) is used with a fixed length of time interval, i.e., T' = hJ is
fixed.
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2.1. Asymptotic convergence rate when J is fixed. We first consider the
case that the iterative method (1.11) is applied to a fixed number of time steps, i.e.,
J is fixed. Based on Theorem 2.3 we have the following result.

THEOREM 2.4. Under the assumptions of Theorem 2.3, it holds for k > 1 that

k k 0
v < !
(2.9) Jnax) lefllz < p Jnax, €52,

where p = 1_};;721 = O(h) and 7 = nLq, provided h(L1 + 1) < 1 and J is fived.

Proof. To see this, we need to use

(") =arn

which can be verified directly. For the case L1 = 0, from Theorem 2.3 we have

(2.10) lim (J +h - 1) < i (=)

k—o0 k k—o0

This proves (2.9) for the case L1 = 0 in Theorem 2.3. We next consider the case
Ly # 0. First, for L1 > 0 it holds that 1 — hL; € (0,1) and then by using Lemma
2.2 we have

» 1 1 J+ k-
Y((1 = hLy) ,J,k)S(l_hLl)Jw(l,J,k):(l_hLl)J< +k 1).

Then, by using (2.10) we have limg_, 0 Q/w((l —hLy)~1 J k) <1 since
lim {/(1—hL)~/ = L.
Second, for L1 < 0 we have (1 — hL;)~! < 1, and therefore,

(1 —=hLy)™h T k) <91, J,k) = (J *,’j - 1)-

Again, by using (2.10) we have limy_,o £/9((1 — hL1)~1, J k) < 1. d

2.2. Asymptotic convergence rate when T = hJ is fixed. Theorem 2.4
implies that if the number of time points is fixed, a smaller step-size h results in
faster convergence for method (1.11). For a fixed length of time interval, say ¢ € [0, T
with T being a fixed quantity, this conclusion does not hold, because in this case J
increases linearly as h reduces, and therefore, the limit in (2.10) is not correct. When
hJ is fixed and h — 0, method (1.11) reverts to the following continuous analogue:
(2.11)

0 < YL L Gt 2k (1), 1) 2 0, a1 (E) = F(t, a5 (1), 4" (1)), ¢ € (0,T).

THEOREM 2.5. Under the assumption of Theorem 2.3, it holds that

max{1, el t}(tm)F
{ - }H(tn) sup ||z°(t) — z(t)||2, t € (0,T),
! t€[0,T

(212)  [l2"(®) (@)= <

where 177 = Lon and x(t) is the converged solution of (2.11).
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Proof. Tn (2.11), according to Lemma 2.1 we represent y*T1(¢) as Y(x*(t)) and
then we rewrite (2.11) as

(2.13) P* () = F(t, 2" (1), (2" (1)), t € (0,T),

where 2%(0) = z¢ for all k > 0. Similarly, we can rewrite (1.1) as

(2.14) i(t) = F(t,z(t),Y(z(t))), te(0,7T),

where x(0) = xo. Let e¥(t) = 2*(t) — z(t). Then, from (2.13) and (2.14) we have
(2.15) THE) = F(t, a1 (), ¥ (2" (1)) — F(t, 2(1), Y(2(1))), t € (0,T),

where €¥(0) = 0 for all k > 0.
For the Euclidean inner product, it holds for any differentiable function e(t) # 0
that

WeWIE — 2(¢(1), e(t), dle@)l2 .
o {W§@:2ewhwﬁm$wmbdt@®£®»

Applying this to differential equation (2.15) gives

et AN _ a0, ek 1)) = (P02, V@) = (L. V@), a* — o)

= (F(t,a", V(") = F(t,2, Y(x ’H)) at — )
+(F(t,2, V(") = F(t,2,Y(x)), 2" — x)
< Lulle* @113 + Lanlle® (O 2]l ()2,
where for the “<” we used (2.3) and Lemma 2.1. We have
dlle*(t)]2
dt
where 77 = Lon and ¢*(0) = 0 for all k > 0, i.e.,

(t) < Lalle" @)l + 7l (D)2, t € (0,T),

¢
(2.17) le® ()]l < 5/ e e (s)[lads,  t € (0,T).
0
Using (2.17) recursively gives
lle® (®)]l2

t s Sk—
< (/ ehrlt=sn) / PICEDN / - elrlsn=1=s1) g, ~~d51> sup [|e”(t)]]2.
B 0 0 0 t€[0,T]

The k-fold integral can be estimated as follows:

t S1 Sk—1
/ e 1(t—81)/ eli(si—s2) / eLl(Sk—l—Sk)dSk...dsl
/ / / e lskdsy - dtsy

Sk—1 tk}
Sethmax{l,e_th}/ / / 1dsy---dsy :max{Leth}—'.
0 Jo 0 k!

From this, we get ¢*(t) < M sup;eo,7) ¢° (1)- O
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Remark 2.2 (about the convergence rate). From Theorems 2.4 and 2.5, we see
that method (1.11) has two different convergence rates. If J is fixed, the method
converges with a rate p = O(h) and this implies that the method converges if a smaller
step-size h is used. In particular, for J = 1 we know that the iterative algorithm (1.8)
used for each single time point converges with a rate O(h), since in this case the
multipoint algorithm (1.11) reduces to (1.8). If the length of time interval is fixed,
i.e., the quantity T is fixed and J increases as h decreases, the factorial term k! in
(2.12) implies that the method converges superlinearly with a rate independent of h.

Remark 2.3. From Theorems 2.3 and 2.5 we see that a negative Lipschitz constant
L results in faster convergence, compared to a positive L;. In the linear case, i.e., for
DLCP (1.3), L; is negative when the matrix A is similar to its Jordan canonical form
via an orthogonal transformation and the real parts of the eigenvalues are negative.
This is often the case when the differential system arises from semidiscretizing a partial
differential equation, e.g., the parabolic Signorini problems [14].

2.3. The case of nonlinear Pg-function. The requirement that G is a uniform
P-function can be slightly relaxed, namely G is a Py-function of y, i.e., G still satisfies
(2.1) but Ly = 0. In this case, we can use the idea of regularization [10] to deal with
DNCP (1.1). Precisely, with a small quantity € > 0, we rewrite (1.1) as

(2.18)
() = F(t,2(t),y(1), 0 <y(t) LGt z(t),y(t)) > 0, G(t,x,y) = G(t,z,y) +ey.

Now, it is clear that Gisa uniform P-function of y. It was proved in [10] that the
solution y, (¢) of the regularized complementarity system in (2.18) approaches y(t)—a
solution of the original complementarity system in (1.1) if (1.1) has a solution, when
¢ — 0%. Hence, with a suitable regularization parameter ¢ > 0, which is comparable
with the temporal discretization error O(h), all the results obtained in this section
are directly applicable to (2.18).

3. Convergence analysis in the case of linear complementarity. We now
consider the case that the function G(t, z,y) is not a P-function with respect to y, in
the following DNCP form:

(3.1) #(t) = F(t, (1), y(t)), 0<y(t) L My(t) + G(t,z(t)) >0,

where z(0) = 2o and G : R; x R™ — R™ can be a nonlinear function of z. In
particular, we consider the case that M is a positive semidefinite matrix. (The case
that M is a Z-matrix can be treated similarly; see Remark 3.1.) DNCPs (3.1) have
wide applications; see, e.g., [13, 26, 30]. For positive semidefinite matrix M, the LCS
in (3.1) has a unique least-norm solution if the feasible set FEA(M,G(t,z)) := {yly >

0, G (t,z)+ My > 0} is nonempty. Choosing the least-norm solution from the solution
set leads to

(3.2) i(t) = F(t,z(t),y(t)), y(t)=argmin{||v]2:0 <v L Mv+G(t,z(t)) > 0}.
Then, similar to (1.11) we define the following iterative method:

(3.3) {y;.m:argmin{|u||2:ogueré(tj,x;?)zo}, =12,

k+1 k+1 k+1 | k+1 .
it zxjf1+hF(t-m-+,yj+ ), i=1,2,...,J.

J I3

The assumption that M is a positive semidefinite matrix, together with FEA (M,
G(t,z)) # 0, guarantees the unique existence of the least-norm solution of the LCS,
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but this cannot be used as a criterion in practice, because the solution z(¢) is not
known a priori, and therefore, it is difficult to justify whether the feasible set is empty
or not. Our task in this section is to answer the following two questions:
1. Under what conditions does DNCP (3.2) have a unique solution (z(t),y(t))?
2. Under what conditions does the iterative method (3.3) converge?

The following lemma plays a central role for our analysis.

LEMMA 3.1 (Theorem 2.3 in [9]). Let M € R™ ™ be a positive semidefinite
matriz and q1,q2 € R™ such that FEA(M,q1) # 0 and FEA(M,q2) # 0. Then, we
have [|Y(q1) — V(q2)ll2 < nollgr — gz2l|2, where Y(q) denotes the least-norm solution of
0<ylqg+My>0andmny >0 is a constant.

We assume that the nonlinear function é(t7$) satisfies the following Lipschitz
condition:

(3.4) |G (t,21) — G(t, 22)||2 < millzr — @2 V& € Ry, zy, 29 € R™.

THEOREM 3.2 (unique existence of the solution of (3.2)). For DNCP (3.2) with
M being a positive semidefinite matriz, suppose F(t,x,y) satisfies the LipsNChitz con-
dition (2.3) with L1 € R and Ly > 0. Assume that the nonlinear function G satisfies
the Lipschitz condition (3.4) and that there exist T > 0 and 8 > 0 such that
(3.5a) FEA(M,G(t,v)) # 0 fort € [0,T] and v € B(xo, 8) :={v: |[v—mo|]2 < B}
Then, the DNCP (3.2) has a unique least-norm solution (z(t),y(t)) € C1(0,t)xC(0,t)
in the interval t € (0,T*), with T* being defined by

; _1B+C
1t i Ln< =5,
min {T, 2 log (1+ 722) ) if Lo > -2,

where ij = Lynon, Co = maxeo7) |F(z0, V(G (t, 20))|l2 and Y(G(t, o)) denotes the
least-norm solution of the complementarity system 0 <y L G(t,x0) + My > 0.

(3.5b)

The condition (3.5a) shall be used throughout this section. It is essentially
the same assumption that the authors used in [9] to study the semismooth Newton
method. With the quantity T* defined by (3.5b) it holds that

elit _q B
< =
Ly nB+ Co

where for L; = 0 the left quantity is defined in the limit, i.e., limz, ¢

(3.6) for t <T™,

eb1t_q

L=t

Proof. Let {z*(t),y"(t)}x>0 be the functional sequence generated by
y* (1) = argmin{|jv||z : 0 < v L Mo + G(t, z"(t)) > 0},
) = Pt (0,5 (),
where 2%(0) = zg for k > 0. For the initial iterate, i.e., k = 0, we choose 2°(t) = .
We claim that starting from this initial guess every iterate z*(t) still lies in the ball

B(zg, 5) under condition (3.5b).
For k = 0, since 2°(¢) lies in the ball B(xo,3) we know that y*(¢) is uniquely

existent for t € [0, T]. Hence, 2'(t) = F(t,z1(t),V(G(t,2°(¢)))). We have

dlat () — 2o (t)]

L = [F(t (0, V(G (1) - Flt,2(0), V(G (t."(1))]

+ F(t,2°(1), V(G(t,2°(1))))-
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By using (2.16) and the Lipschitz condition for F' (cf. (2.3)), we have

14
Az =200l < 1 a1 () — a0l + Co = 12 (0) ~ wo(0)l < G0
1

th_l

This, together with (3.6), implies that under condition (3.5b) the solution x!(t) lies
in the ball B(zg, 8) for t € [0,T*].
Suppose z¥(t) € B(xg, 3) for t € [0,T*]. Then, we have

d[z* 1 (t) — ()]
dt

= [P(t ™1 (1), Y(G(t, 2" 1) = F (1,2 (6), Y(G(t, (1))
+ [Pt 200, DGt (1)) = F(t,2°(1), V(G (t,2°(1))))]
+ F(1,2°(t), Y(G(L,2°(1))).

Similar to the deduction for ||z1(t) — zo(t)||2, by using Lemma 3.1 and the Lipschitz
condition (3.4) it holds that

dl|* (1) — xo(t)

dt - < Ly||z" T (t) — 2o(t)||2 + Lonom ||z* (t) — 2°(¢)|2 + Co.

This implies

21 (t) = 2o ()2 < /0 e = [fl|a* (s) — wo(s)]|2 + Colds

elit _q

t
= / 1) (7 4 Co)ds = (718 + Co) .
0 Ly

By using (3.6), it holds that ||#5T1(t)—zo(t)||2 < B for t < T*, which implies 2*+1(t) €

B(.’l?(), 6)
Now, for any k > 0 we have x*(¢), z**1(t) € B(z¢, 8) for t € [0, T*], and therefore,

(3.7a)
dlz"+1 () — 2(1)]
dt

= P(t,a"1(8), V(G(t, 2" (1)) — F(t, 2"(), V(G(t. 2" (1))
+ F(t,a*(1), V(G(t, 2" (1)) = F(t,2* (1), V(G(t,2*(1)))).
By using (2.16) and the Lipschitz condition for F' (cf. (2.3)), we get

dl|z* 1 (t) — 2" (t)

l|2 . _
0 < Lyt (t) — 2 () ||z + lla® (t) — 257 ()2,

(3.7b)

which, after an integration, gives ||z 1 (t)—z*()[|2 < ﬁfg el =) || pk () —xk=1(s)||2ds.
Then, similar to the proof of Theorem 2.5 we have

_ Ktk
Jo0) — 2 @) < mas{1, 2 )"  mas ' 6) ~ ()l

Clearly, for any e > 0 there exists some integer K > 7jmax{1, el T” }T* such that

_ . K
1 (mmax{1, e ™" }T*) L 0
(3.8) - ﬁmax{}fjllw VT 7l tem[o?%(*] |z (t) — 2 (1) ]2 < e.
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Then, for any integers K; and K> satisfying Ko > K; > K, it holds that

Ko—K;—1
N R ] = D e O R AR O] ®

1 (¢ 1 L T* T Ki+k
_ (Z 2—K1—1 (ffmax{1, e T }T%) max (1) — a(1)]

k=0 (K7 +k)! te[0,T*
- . K,
1 (nmax{1, el ™" }T*) 1 0
= | AmadLelTTe K1 e e (6) =270
K+1

This, together with (3.8), implies ||#52(¢) — 251 (¢)|2 < . Therefore, {z*(t)}r>0 is a
Cauchy sequence for ¢ € [0,7%]. Let limy_,oo 2%(t) = 2*(t). Then, it is easy to know
that z*(t) is the solution of DNCP (3.2) for ¢ € [0,T*].

To prove uniqueness of z*(t), we suppose x7(t) and x3(t) are solutions of (3.2).
Then, similar to (3.7a)-(3.7b) we have ziW—22®ll> < (1, 4 F)|lat(t) — 25(t)]|2-

t
e~ (L1HMt || 0% (4) o
This gives O CHORCOID)) < 0. Since z7(0) = x5(0), it holds that ||z} (t) —

dt
x5 (t)]|2 < 0. Hence, a7 (t) = a3(t) for t € [0,T*]. O

We next analyze the convergence of the iterative method (3.3). For the uniform
P-function case, the Lipschitz continuity of }(q) plays a central role for proving the
convergence of method (1.11). Comparing Lemma 3.1 to Lemma 2.1, we see that, to
ensure such a Lipschitz continuity in the LCS case with positive semidefinite coefficient
matrix M, we need SOL(M, q) # 0 as an additional condition. Therefore, it is clear
that for the least-norm iterative method (3.3) if FEA(M, G(t, N ADNj=1,...,J)
for each iteration, the results given by Theorems 2.3-2.5 still hold.

THEOREM 3.3. For DNCP (3.2) with M being a positive semidefinite matriz, let

F(t,x,y) satisfy the Lipschitz condition (2.3) and G satisfy (3.4). Suppose (3.5a)
holds for some constants T > 0 and § > 0. Then, the least-norm iterative method
(3.3) for the time points {tj}j;() is well-defined, i.e.,

(3.92) FEA(M,G(t,2%) #0 Vje{0,1,...,J}, Vk>1,

provided {xg = 1‘0}3]:1; T* < T, and the following conditions are satisfied:
Jr=J if Iy < —ﬁﬁjfco,

(39b) hl <1, . . log 1+7~B# . ~
7= min (o [T} > -2

where J = L, Cy = maLx}]:O ||F(t,x0,y(é(tj,xo)))ﬂg, 7 = Lonom (with no being the
constant given by Lemma 3.1 and ny being given by (3.4) ), and [v] denotes the integer

part of v € R.
Similar to (3.6), under condition (3.9b) it is easy to verify that
Co + 1B { 1
L, |(1-hL;
Proof. The proof given below can be regarded as a discrete version of the proof
of Theorem 3.2. Since {zY ]CO C B(zo, 3), from Lemma 3.1 we know that {Y(G(t;,
29))}/_, are uniquely existent. Hence, by using the first Lipschitz condition in (2.3)

Jj/75j=0
we have

(3.10)

X 1] <BVje{o1,... J.

2} — 2Yl2 < l=j_1 — 25 _1ll2 + hLallx) — 2|2 + hCo,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/22/20 to 115.156.141.50. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

ITERATIVE METHODS OF GAUSS-SEIDEL STYLE FOR DNCPs 3401

Le, o} —allls < =z o)1 — 291 ll2 + 7= Co- Since af = x§ = o, it holds that

hCy Jj—1 1 Co 1
3.11 ! —_—=——-1].
(3.11) lej = ajlle < 7= 7~ > 1 —hL) L ((l—hLl)J )
Hence, from (3.10) we get ||z} —29|s < B forj € {0,1,...,J*} and thus z} € B(aco, B).
To perform an induction proof, we assume x? € B(xzg,B) for j = 0,1,...,J%

Then, by using Lemma 3.1 the sequence {Y(G (tj, )} J_, is uniquely existent. There-
fore,

5t —afllz < llafH) = af_yll2 + ALyflaf ™ = afllz + hiflla§ — 2fll2 + hCo.
Similar to (3.11), this gives

h(Co + 1) x—i-1 1 Co+np 1
k+1 _ 00 < = -1].
ij 33]”2 = 1-hl, Z:O (]__hLl)l I, (1_hL1)j

Now, by using (3.10) again we have Hx?“ — zoll2 < B, ie, xf“ € B(xo, p) for

j€40,1,...,J*}, and this completes the proof of (3.9a). O

Remark 3.1 (the case M is a Z-matrix). At the end of this section, we consider
the case that the matrix M in (3.1) is a Z-matrix, which is another representative case
in the field of complementarity problems [13, 16]. In this case, there exists a unique
least-element, solution® for the LCS in (3.1) if the feasible set FEA(M, G(t, z)) :=
{yly > 0,G(t,x) + My > 0} is nonempty; see [9]. This leads to the following least-
element DNCP:

(3.12) @(t) = F(t,z(t),y(t)), y(t)=argmin{||v]s : v >0,G(t,z(t)) + Mv > 0}.
For (3.12), similar to (3.3) we define the iterative method as

(3.13) {yfﬂ_argmin{||v|1'v>0Mv+G(j, 50 =12,

F =l bR, g J=12000,

J 7’J

where xf = x for all k > 0. According to Theorem 2.3 in [9], the Lipschitz continuity
of the least-element solution of the LCS 0 <y L ¢+ My > 0 holds as well; see Lemma
3.1. Hence, the results obtained in this section are directly applicable to (3.1) if M is
a Z-matrix.

4. Applications and numerical results. In this section, we show applications
of the proposed iterative method for the nonsmooth circuit systems and the projected
dynamic systems. For each application, we provide numerical results to validate the
convergence properties of the proposed iterative method (1.11). The iteration stops
when

(4.1) maxo<;j<s 2§ — a2 <1075,

where {x;}/_, denotes the converged solution.

5The least-element solution Y, is a solution of 0 < y L My + é(t,x) > 0 satisfying ymin < y
for all y € FEA(M, G(t, z)).
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4.1. The 4-diode bridge wave rectifier. The 4-diode bridge wave rectifier
shown in Figure 4.1 is a widely studied circuit model; see, e.g., [1, 4, 10, 16, 18, 20].
The circuit consists of a capacitor C > 0 with randomly perturbed value and a
nonlinear resistor R, which lie inside the bridge formed by four ideal diodes. Let x
be the voltage for the capacitor. Let Vpri pr2 and Ippi,pr2 be the voltages and
currents for the diodes, respectively. Then, by applying Kirchhoff voltage/current
laws, we get the modified nodal analysis state equation described by a DNCP as
(see [1, Chapter 2] for more details)

C©)a(t,§) = —R(x(t,€)) + By(t, €) + Ls(1),

(4.23) 0< y(t7£) 1 Nx(t, 5) + My(t7£) >0,

where 2(0,£) = 0, C(§) denotes the capacitor with value perturbed by random variable
€= (&,8,...,&) T, I,(t) is the current source (i.e., e(t) shown in Figure 4.1), and

1 0 -1 0 O
0 1 0 1 —1
0 0 1 0 0

For the nonlinear resistor, the current source, and the random capacitor we use the
data

R(v) = €"/°° — 1 (Schottky resistor), I,(t) = 10sin(187t + 2) — 0.5,

(4.2¢) Cle) =18+ 1 f_1£2 with {51 € [-1,1], uniform distribution,
2

& € (—00,00), Gaussian distribution.

Fic. 4.1. The circuit of a 4-diode bridge wave rectifier.

For circuit (4.2a)—(4.2c), the random source of the capacitor can be caused by
many factors, e.g., external environmental fluctuations such as temperature variation.
Such an uncertainty may lead to remarkable performance variations at both circuit
and system levels, and it cannot be ignored if we want to make a correct prediction of
the behavior of the circuit. Here, we are interested in the basic stochastic information
of the circuit, i.e., the mean values of (¢, £) and y(¢,£) and the standard deviations.
To this end, we use the technique of generalized polynomial chaos (gPC) expansion [34]
together with the so-called stochastic testing strategy [35] to treat the random space.
The gPC expansion technique has gained increasing interest in recent years thanks to
its high order accuracy.

Briefly speaking, the gPC expansion technique transforms the random circuit
system to a deterministic system with larger size as follows:

(4.3)  CX(t)=—R(X())+ BY (t) + L,(t), 0<Y(t) L NX(t)+MY(t) > 0.
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where X(t) € RY, Y(t) e RY, B=B®I,, C = diag(Cy,Cs,...,C,), M =M,
N=N® 1, :fs(t) =1, ® I,(t), I, € R?*7 is an identity matrix, and ¢ denotes the
number of the gPC basis functions (for the numerical results given below ¢ = 6). The
details for deriving the deterministic system (4.3) is given in Appendix B. Since M is
a positive semidefinite matrix, the matrix M in (4.3) is a positive semidefinite matrix

as well. Thus, we choose for Y (¢) the least-norm solution from the solution set of the
LCS in (4.3):

CX(t) = —R(X(t) + BY (1) + L(t),

44 Y(t):argmin{HUHz :0<v L Mv+ NX(t) 20}.

We now apply method (3.3) to (4.4) in the case J = Ny, i.e., we do Gauss—
Seidel iterations for the whole time interval instead at each single time point (cf.
Remark 2.2). In each iteration the nonlinear equations at ¢ = ¢; arising in the discrete
ODE system are solved by the fsolve command in MATLAB and the LCS is solved
by using the quadprog command in MATLAB according to [8]. In Figure 4.2, we
show the stochastic information of the circuit, i.e., the mean values and the standard
derivations of x(t,&) and y(t,£).% For the complementarity variable y(t,£), it holds
that E(y2,4(¢,€)) = 0 and that E(y1(¢,€)) = E(ys(t,£)), so we show the stochastic
information for y; (¢, &) and ys(t, &) together in the left column of Figure 4.2.

In Figure 4.3 we show the measured convergence rates of method (3.3) in two
situations: in the left subfigure we consider the case that the length of time interval
(i.e., T) is fixed and the step-size h varies; in the right subfigure we consider the case
that the number of discrete time points (i.e., J = N;) is fixed and h varies. We see
that the method converges superlinearly with a robust convergence rate with respect
to h, if T is fixed. In the case that J is fixed, the method converges faster when
the step-size h becomes smaller. All these numerical results confirm Remark 2.2 very
well.

As we mentioned in section 1, in each iteration of the iterative method (3.3) the
computation of the complementarity system at all the discrete time points is parallel.
We now show numerical results to illustrate that such an advantage can dramatically
reduce the computation time. To carry out the parallel experiments, we use the
following software and hardware configurations:

e CPU: Intel Core i7-3770K 3.5 GHz and 32 GB RAM using gcc 4.8.1. A single
CPU was used for the sequential implementation of the proposed iterative
methods. The codes were tested with gec’s fast math option (ffast math).

e GPU: NVIDIA GeForce GTX 660 installed in a system with the above de-
scribed CPU. The GPU operates at 1.10 GHz clock speed and consists of
five multiprocessors (each contains 192 CUDA cores). We compiled the code
using CUDA version 5.5 in combination with the gcc 4.8.1 compiler with fast
math option (use_fast_math).

In Figure 4.4, we show the computation time (measured in seconds) for the semi-
smooth Newton method and the iterative method (3.3). The semismooth Newton
method is implemented in a sequential pattern by using a single CPU. For the new
iterative method (3.3), the complementarity system is solved in parallel by GPU.
Here, similar to Figure 4.3 we also consider two cases: the length of the time interval
is fixed (i.e., t € [0,7] with T = 0.2), and the number of time points is fixed (i.e.,

6Such stochastic information can be obtained from the solutions X (t) and Y (t) due to the theory
of the gPC expansion technique; see explanation in Appendix B.
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Fic. 4.2. Stochastic information of the 4-diode bridge wave rectifier. Top row: the mean values
of (¢, &) (left) and y1,3(¢,&) (right). The shading region is filled by the solutions obtained by Monte
Carlo simulations with 10,000 samples of £&. Bottom row: standard derivations for xz(t,€) (left) and
y1,3(t,€) (right).

J = 2000 is fixed

T = 0.2 is fixed

T h=5x107|;

1 107! S ~. ——h=10"* i
107 N Sl ——h=2x10"
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Fic. 4.3. Measured convergence rates of the least-norm iterative method (3.3) applied to (4.4).
Left: T = 0.2 is fized and h varies. Right: J = 2000 is fized and h varies (J = Ny = T /h denotes
the number of discrete time points). The (dotted) horizontal line indicates where the method should
stop in practice.

J = Ny = 2000). From the results shown in Figure 4.4, we see that in the parallel
circumstance the new iterative method needs much less computation time compared
to the semismooth Newton method. For example, for the cases T = 0.2 and h = 2713
(left subfigure) the computation time for the semismooth Newton method is around
9587 seconds (&~ 158 minutes), while by parallel computation the time for the new
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iterative method is around 2023 seconds (~ 34 minutes).

For the case J = N; = 2000 (right subfigure), it is interesting to see that the
computation time for the new iterative method (3.3) decreases as h becomes smaller;
see Figure 4.4 on the right. This can be explained by using the convergence rate
p = O(h) in the case of crossing a fixed number of time points, namely the new
iterative method converges faster as h becomes smaller; see Remark 2.2.

T =0.2 is fixed J = N; = 2000 is fixed

10000 10000 7

: .
—O— Semi-smooth Newton ol & oTT—e—9—o—96—— o |
O New Method in Parallel] | o Semi-smooth Newton | |

¢~ New Method in Parallel

8000 - 8000

7000

6000 - 6000 -

5000 -

IS
=]
S
=]

4000

Time (in seconds)
Time (in seconds)

3000
2000 2000 o o ¢

1000 - o

? ) ‘
10 10° 102 10° 10 107
Step-Size: h Step-Size: h

Fic. 4.4. For DNCP (4.4), comparison with respect to computation time between the semi-
smooth Newton method and the new iterative method (3.3) with J = Ni. Left: the case T = 0.2 is
fized and h varies from 2=7 to 2713, Right: the case J = Ny = 2000 is fized and h varies from 210
to 2716 (in this case T decreases as h decreases).

4.2. A projected dynamic system: The spatial price equilibrium. Let
Q C R™ be a convex set. The projected dynamic system is described by the equation
z(t) = F(t,z(t)) on the interior of €, but on the boundary a modification is applied
to prevent the solution from leaving the constraint set 2. To be more specific, let Pq
be the projection operator that assigns to each vector x € R™ the vector in 2 that is
closest to z, i.e., Po(x) = argmin, .||z — v||2. Then the projected dynamical system
is defined by

lim M

(45)  2(t) = Ha(z(t); F(t,2(1)) with Hq(z,v) = lim 5

In [23], Nagurney and Zhang mentioned several interesting applications of the pro-
jected dynamic systems, including the oligopolistic markets, the traffic networks, and
the spatial price equilibrium.

In this section, we consider the spatial price equilibrium problem, which can be
described as follows (see [23, Chapter 6] for more details). Suppose we have m supply
markets and n demand markets involved in the production and consumption of a ho-
mogeneous commodity under perfect competition. Denote a typical supply market by
i and a typical demand market by j. Let 6; denote the supply and ; the supply price
of the commodity at supply market i. Let d; denote the demand, and let a; be the de-
mand price at demand market j. Let x;; denote the nonnegative commodity shipment
between the supply and demand market pair (¢, j), and let ¢;; denote the unit transac-
tion cost associated with trading the commodity between ¢ and j. The supply price at
any supply market depends on the supply of the commodity at every supply market,
that is, v = v(0), where ¥ = (1, .- -,%m), 0 = (61,...,0,,) . Similarly, the demand
price at any demand market depends on the demand of the commodity at every de-
mand market, i.e., « = a(d), where a = (ay,..., )" and d = (dy,...,d,)". The
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unit transaction cost between a pair of supply and demand markets may depend upon
the shipments of the commodity between every pair of markets, that is, ¢ = ¢(z), where
c=(C11y-+,Clas->CmlysCmn) | and = (T11, .., Z1ns -+, Tml,-- > Tmn) - The
supplies, demands, and shipments of the commodity must satisfy the following feasi-
bility conditions:

n

Qizzjzlxij7 1=1,2,...,m,
m

dj:zizlzijv j=12,...,n.

Define the excess price F;;, between a pair of markets (¢, j), as

(4.7) Fij(z) == aj(d) —7i(0) — cij(x).

(4.6)

In practice, we need to dynamically adjust the commodity shipments between the
supply and demand markets. Under perfect competition, the rate of change of the
commodity shipment between the supply and demand market pair (4, 7) is in propor-
tion to the excess price Fj;. This results in the following projected dynamic system:

(4.8) (t) = Ha(z(t), F(x(t))),

where F(z) = (Fi1(2),..., Fin(2),..., Fpi(2),..., Fpn(2))T. We are interested in
the case that the commodity shipment z;; is nonnegative and is not larger than a
prescribed upper bound xy,ax. In this case, the domain € can be described as

(4.9)
Q:{xeRmn|¢ij<x)Zoai:]-aQw"amaj:132a"'an}a ¢l](x) :|: g $:|
ij

Tmax —

According to [3, 19], the projected dynamic system (4.8) can be reformulated as
a DNCP:

(4.10) i(t) = F(a(t)) + @7 (@(®)y(t), 0 < éx(t) Ly(t) =0,
where ® is the Jacobian matrix of ¢, i.e., & = g—f. For the case (4.9), we have

1 0

-1 Tmax

(411) P = -1 , ¢(q;) =®r+b, b= |Tmax

- 1 _33 max |

L 4 2mnxmn 2mnx1

Then, we can rewrite (4.10) as
(4.12) i(t) = F(z(t) + T y(t), 0<dx(t)+bLy(t)>0.
Applying the implicit Euler method with a step-size h to (4.12) gives

(4.13) Tpy1 = Tp + hF(Xpq1) + h® T ypi1, 0< Pz +b Ly, >0,
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where n = 0,1,...,N;. A direct application of the proposed iterative method to
(4.13) leads to

0<®ak  +b Lyl >0, bt =u, +hF@E) +nd Tyt

where k > 0 is the iteration index and for k = 0 the quantity z¥ 11 is an initial guess.

However, this iteration process does not converge because the solution of the LCS is

always zero, i.e., yfbﬂ =0 for £ > 0. To apply the method correctly, we first obtain

®x,41 from the discretized ODEs in (4.13) as
D1 = Pxy + hOF (2,4 1) + h®D gy 41,
and then by substituting ®x,, 1 into the LCS we get
0 < ®x,, +h®F (2p41) +hPD g1 +b Ly >0,
We now define the following iterations:
0<yktl L (Pan + h®F(2F 1) +b) + h®d Ty t] >0,

Tpth = oo+ hF () + he Tyt

(4.14)

Projected system: @ = Ilg(z, f(z)) Original system: & = f(z)

. . . . n n B . .
0 0.5 1 1.5 2 25 3 35 4 0 0.5 1 1.5 2 2.5
Time: t Time: t

Fic. 4.5. FEwvolution of the solutions of the projected system (left) and the original system
(without projection on the domain Q). Here, a step-size h = 279 is used.

We consider a spatial market problem consisting of two supply markets and two
demand markers with the following data:

71(9) =501 + 05 + 2, ’}/2(9) =205 + 1.501 + 1.5,
a1(d) = —2(1 + 0.25sin(27t))dy — 1.5ds + 28.75,
(415) Oég(d) = 74(1 +0.47 COS(?Tt))dQ —di + 41,

ci1(x) = 0.012%, +0.5211, ci2(x) = 0.022%, + 2219 + 7| cos(nt)|,
co1(z) = 0.0323, + 39, +16.25,  cop(x) = 0.0227, + 2212 + 11.5.
We note that the quantities 01, 02, d1, d2 also depend on z;; because of (4.6). With
the initial condition z = (0,0.5,1.5,0) " and 2. = 1.9, the numerical solutions of the

projected dynamic system (4.8) are shown in Figure 4.5 on the left. For comparison,
the solution of the original system & = F(z) is also shown in Figure 4.5 on the right.
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h=278 h=27"
—— Gauss-Seidel method —— Gauss-Seidel method
—-—-Semi-smooth Newton method —-—-Semi-smooth Newton method
10 <
+§ +©
= of £
= gk
g1 2
E] a
2 61 =
= .S
= 1 %
< o
[ S T " - R 4t
s e = [ L] | ]
=3 IR B ————— 1 3 - . 1
il ! L ! !

{ ; I Lo | -

1 L . . - . L, 1 [ S L . i . i

0 0.5 1 15 2 2.5 3 35 4 0 0.5 1 1.5 2 25 3 35 4

Time point: ¢, Time point: ¢,

F1G. 4.6. The iteration number (at each time point t,) of the iterative method (4.14) and the
semismooth Newton method mentioned in section 1. Left: h =278, Right: h =279,

In Figure 4.6, we show the iteration number at each time point for the iterative
method (4.14) and the semismooth Newton method mentioned in section 1. We see
that when h = 278 the method needs more iterations, while if we reduce the step-size
to h =277, it converges with a rate similar to the semismooth Newton method. For
the proposed iterative method (4.14), the reduction of the iteration number confirms
our theoretical analysis very well (cf. Remark 2.2).

5. Conclusions. We proposed an iterative method for DNCP and made a con-
vergence analysis based on the one-sided Lipschitz condition for the ODE system and
the classical Lipschitz condition for the complementarity system. We proved that the
new iterative method has two different convergence properties. In the case when the
method is applied to a fixed number of time points, i.e., J is fixed, it converges with
a rate p = O(h), and therefore, a smaller h results in a better convergence rate. In
the case when the method is applied to a fixed length of time interval, i.e., T' is fixed,
the method converges superlinearly with a rate independent of h. The general idea
behind the proposed iterative method is that we solve the complementarity system
and the differential system separately via an iteration of Gauss—Seidel style and thus
many existing numerical methods for each of these two systems can be used with-
out changes. In particular, in some cases we can solve the complementarity system
efficiently via optimization solvers. For DLCPs, the new iterative method avoids solv-
ing a lot of linear systems that need to form the matrix M), for the direct method
(cf. (1.6a)-(1.6b)) and the Clarke Jacobian matrix V}* for the semismooth Newton
method (cf. (1.7)). For large-scale problems, this is an important advantage for sav-
ing memory storage and computation time. The time-integrator used in this paper
is the Backward-Euler method, by which the precision of the numerical solution is
only of oder O(h). To improve the precision we can solve the differential system by
higher-oder implicit Runge-Kutta methods and then similar to (1.8) (or (1.11)) we
solve the discrete differential and complementarity systems separately via iterations.
The details on this aspect, especially the convergence analysis of the corresponding
iterative algorithms and the computation of the discrete differential system, will be
addressed in future work.

Appendix A. The proof of Lemma 2.2. The result for (1, J, k) (i.e., r = 1)

is well-known and can be verified by routine calculation. For r # 1, if Kk = 1 we have
—J

Z}']1=1 poin = Ao et 1 a0 this implies that (2.4) holds for k = 1.

1—r—1 1—7r 1—r
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Suppose (2.4) holds some &k > 1. Then, we have

Jr-1 k1
Zh 1272 1 Z]k 1ZM+1 1
Jk—1 —j- |
_Zgl 1 [Zm 1 Zak 1Zn+1 1 H}
Y ok (k=11 1
S lamr En (ST e
_’1‘774 1—7r k 1 J j1+k_l_1
T Sy S ()
o 1 k 1 (J+k—1
NS L s . (1T—r) \k—1+1
r= k411 J+k—1
T (1= )kt 2 1— 1) <k—l+1)’

where for the fourth equality we used a well-known identity about the binomial coef-

ficients, namely
3 I+k—1\ _ (p+Fk
1=1 k C\k+1

for any k> 0. Thus, (2.4) also holds for k + 1.

Appendix B. Details of gPC expansion technique. In this appendix, the
show details about how to get the deterministic system (4.3) via the gPC expansion
technique. The gPC seeks to obtain a global polynomial approximation for a paramet-
ric (random) function. Let ¢4, (&) be the univariate orthogonal polynomial of degree
¢i (the special form of ¢q, (&) depends on the density function of the input random
parameter ;). Then, the high dimensional polynomial bases ®,(¢) are constructed
by tensorizing the one dimensional bases

(B.1) 2,6 = [1_, ¢u(&).

Moreover, the bases are chosen as [ p(§)®p, (§)®Pyp, (£) = Op,p,, where p(€) is the joint
density function of the random parameters.

With the above gPC basis functions, we approximate the £-dependent functions
z(t, &) and y(t, £) via the following truncated expansions:

(B.2) 2t~ D BODE, Yt~ Y GBI,

=1

where {Z4(t),74(t)};_, are coefficients that we need to compute. If the maximal

polynomial degree is p, the number of the basis gPC functions is ¢ = (p J,rdd,) (see

e.g., [34]). If we order the gPC basis functions {®4(£)};_; by the polynomial degree
in an ascending order, e.g., in lexicographical order deg(®;(&)) < deg(P2(€)) < -+ <
deg(®,(€)), the mean values and the standard derivations can be calculated as

(B.3)

E(z(t,€)) = 21(t), E(y(t.€)) = 41 (2), mean value,
o(z(t,€)) = \/ X i [T ()2 o(y(t,€)) = /2 is0 [0(t)]?,  standard derivation.
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Next we introduce the basic idea of the stochastic testing (collocation) method
in [35]. Let {&1, €Y, ...,£9} be g collocation points. Then, by substituting gPC expan-
sions (B.2) into the circuit equation (4.2a) and by imposing the collocation condition
on the sample points, we get the following large-scale deterministic DNCP:

q . qa a
Gy i@ =—R(Y @®®i) + B> G+ L),
q q a
0< lel Gi(t) iy L szzl Ty (t) @i + lezl () ®ig >0,

where i = 1,2,...,q, C; = C(£%), and ®;, = ®,(£%). Notice that choosing a good
collocation set to guarantee the well-posedness of the above scheme is not a trivial
work. Here, we adopt the strategy in [35], by which the collocation points are chosen
as a subset (with the largest possible contribution) of the tensor grid of Gaussian
quadrature points. Other types of collocation methods such as sparse grid, least-
squares, and compressed sampling can also be used, and one can refer to [21, 22] for
more details.
By defining the symbols

D1 - Dy z1(t) 71(t)
o, X =(@eLy)| |, Y =@aL)| @ |,
Pg1 o Py jq(t) Z‘jq(t)
B=B®l, C=diag(Ci,Cs,...,Cq)® I,
M=M&l,, N=N&l, L) =I,®ILt),
we can rewrite (B.4) as (4.3). When {X(¢),Y (¢)} are ready, we can compute {Z4(¢),
7q(t)}1_, as follows:
T1(t) gi(t)
L =@ @ LX), D =@ @ L)Y ().
Tq(t) Uq(t)
Then, we can explore the stochastic information of the circuit according to (B.3).
For the numerical experiments in section 4.1, we set p = 2 (the maximal polyno-

mial degree of the basis gPC functions), and therefore, we have ¢ = 6 gPC functions
in total. For the reader’s convenience, we list them as follows:

D=1, D)=, Ds(6) = (36 1),
Dy(8) =&, P5(E) =&1&a, Pe() =& — 1.

Acknowledgment. The authors are very grateful to the anonymous referees for
their careful reading of a preliminary version of the manuscript and for their valuable
suggestions, which greatly improved the quality of this paper.

(B.4)

)
I

REFERENCES

[1] V. Acary, O. BONNEFON, AND B. BROGLIATO, Nonsmooth Modeling and Simulation for
Switched Circuits, Lect. Notes Electr. Eng. 69, Springer, Dordrecht, 2011.

[2] S. BiLLurs AND M. C. FERRIS, Solutions to affine generalized equations using proximal map-
pings, Math. Oper. Res., 24 (1999), pp. 219-236.

[3] B. BROGLIATO, A. DaNMLIDIS, C. LEMARECHAL, AND V. ACARY, On the equivalence between
complementarity systems, projected systems and unilateral differential inclusions, Systems
Control Lett., 55 (2006), pp. 45-51.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/22/20 to 115.156.141.50. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

[4]

(21]

22]
23]
[24]

[25]

[26]
27]

28]

ITERATIVE METHODS OF GAUSS-SEIDEL STYLE FOR DNCPs 3411

M. K. CAMLIBEL, Complementarity Methods in the Analysis of Piecewise Linear Dynamical
Systems, Ph.D. thesis, Center for Economic Research, Tilburg University, Tilburg, The
Netherlands, 2001.

M. K. CAMLIBEL, W. P. M. H. HEEMELS, AND J. M. SCHUMACHER, Consistency of a time
stepping method for a class of piecewise-linear networks, IEEE Trans. Circuits Systems I.
Fund. Theory Appl., 49 (2002), pp. 349-357.

M. K. CAMLIBEL, J.-S. PANG, AND J. SHEN, Lyapunov stability of complementarity and ex-
tended systems, SIAM J. Optim., 17 (2006), pp. 1056-1101, https://doi.org/10.1137/
050629185.

X. CHEN, Z. NASHED, AND L. QI, Smoothing methods and semismooth methods for mon-
differentiable operator equations, STAM J. Numer. Anal., 38 (2000), pp. 1200-1216,
https://doi.org/10.1137/S0036142999356719.

X. CHEN AND S. XIANG, Sparse solutions of linear complementarity problems, Math. Program.
Ser. A, 159 (2016), pp. 539-556.

X. CHEN AND S. XIANG, Newton iterations in tmplicit time-stepping scheme for differential
linear complementarity systems, Math. Program. Ser. A, 138 (2013), pp. 579-606.

X. CHEN AND Z. WANG, Convergence of regularized time-stepping methods for differential
variational inequalities, STAM J. Optim., 23 (2013), pp. 1647-1671, https://doi.org/10.
1137/120875223.

X. CHEN AND Z. WANG, Differential variational inequality approach to dynamic games with
shared constraints, Math. Program. Ser. A, 146 (2014), pp. 379-408.

C. CHRISTOF, Sensitivity analysis and optimal control of obstacle-type evolution variational
inequalities, SIAM J. Control Optim., 57 (2019), pp. 192-218, https://doi.org/10.1137/
18M1183662.

R. W. CorTLE, J.-S. PANG, AND R. E. STONE, The Linear Complementarity Problem, Aca-
demic Press, Boston, 1992.

D. DANIELLI, N. GAROFALO, A. PETROSYAN, AND T. T0o, Optimal regularity and the free bound-
ary in the parabolic Signorini problem, Mem. Amer. Math. Soc., 249 (2017), 1181.

P. DEUFLHARD, Newton Methods for Nonlinear Problems: Affine Invariance and Adaptive
Algorithms, Springer Ser. Comput. Math. 35, Springer, Heidelberg, 2011.

F. FACCHINEI AND J.-S. PANG, Finite-dimensional Variational Inequalities and Complemen-
tarity Problems Volume II, Springer-Verlag, New York, 2003.

M. C. FERRIS AND T. S. MUNSON, Interfaces to PATH 3.0: Design, implementation and usage,
Comput. Optim. Appl., 12 (1999), pp. 207-227.

S. GREENHALGH, V. ACARY, AND B. BROGLIATO, On preserving dissipativity properties of
linear complementarity dynamical systems with the 0-method, Numer. Math., 125 (2013),
pp. 601-637.

W. P. M. H. HEEMELS, J. M. SCHUMACHER, AND S. WEILAND, Projected dynamical systems in
a complementarity formalism, Oper. Res. Lett., 27 (2000), pp. 83-91.

L. HAN, A. TiwARI, M. K. CAMLIBEL, AND J.-S. PANG, Convergence of time-stepping schemes
for passive and extended linear complementarity systems, SITAM J. Numer. Anal., 47
(2009), pp. 3768-3796, https://doi.org/10.1137/080725258.

F. NoBILE, R. TEMPONE, AND C. G. WEBSTER, An anisotropic sparse grid stochastic collocation
method for partial differential equations with random input data, STAM J. Numer. Anal.,
46 (2008), pp. 24112442, https://doi.org/10.1137/070680540.

A. NARAYAN, J. D. JAKEMAN, AND T. ZHOU, A Christoffel function weighted least squares
algorithm for collocation approzimations, Math. Comp., 86 (2017), pp. 1913-1947.

A. NAGURNEY AND D. ZHANG, Projected Dynamical Systems and Variational Inequalities with
Applications, Kluwer, Dordrecht, 1996.

J. PANG AND J. SHEN, Strongly reqular differential variational systems, IEEE Trans. Automat.
Control, 52 (2007), pp. 242-255.

F. A. PoTrA, M. ANITESCU, B. GAVREA, AND J. TRINKLE, A linearly implicit trapezoidal
method for integrating stiff multibody dynamics with contact, joints, and friction, Internat.
J. Numer. Methods Engrg., 66 (2006), pp. 1079-1124.

J.-S. PANG AND D. STEWART, Differential variational inequalities, Math. Program. Ser. A, 113
(2008), pp. 345-424.

J. S. PANG AND D. CHAN, lterative methods for variational and complementarity problems,
Math. Program. Ser. A., 24 (1982), pp. 284-313.

J. SHEN, Robust Non-zenoness of piecewise affine systems with applications to linear comple-
mentarity systems, STAM J. Optim., 24 (2014), pp. 2023-2056, https://doi.org/10.1137/
130937068.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/050629185
https://doi.org/10.1137/050629185
https://doi.org/10.1137/S0036142999356719
https://doi.org/10.1137/120875223
https://doi.org/10.1137/120875223
https://doi.org/10.1137/18M1183662
https://doi.org/10.1137/18M1183662
https://doi.org/10.1137/080725258
https://doi.org/10.1137/070680540
https://doi.org/10.1137/130937068
https://doi.org/10.1137/130937068

Downloaded 12/22/20 to 115.156.141.50. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

3412 SHU-LIN WU, TAO ZHOU, AND XIAOJUN CHEN

J. M. SCHUMACHER, Complementarity systems in optimization, Math. Program. Ser. B, 101
(2004), pp. 263—296.

J. SHEN AND J.-S. PANG, Linear complementarity systems: Zeno states, SIAM J. Control
Optim., 44 (2005), pp. 1040-1066, https://doi.org/10.1137/040612270.

A. TANWANI, B. BROGLIATO, AND C. PRIEUR, Well-posedness and output requlation for implicit
time-varying evolution variational inequalities, SIAM J. Control Optim., 56 (2018), pp.
751-781, https://doi.org/10.1137/16M1083657.

S. L. Wu aND X. CHEN, A parallel iterative algorithm for differential linear complementarity
problems, STAM J. Sci. Comput., 39 (2017), pp. A3040-A3066, https://doi.org/10.1137/
16M1103749.

Z. WANG AND X. CHEN, An exponential integrator-based discontinuous Galerkin method for
linear complementarity systems, IMA J. Numer. Anal., 38 (2017), pp. 2145-2165.

D. Xi1u, Numerical Methods for Stochastic Computations: A Spectral Method Approach, Prince-
ton University Press, Princeton, NJ, 2010.

Z. ZHANG, Uncertainty Quantification for Integrated Circuits and Microelectromechanical Sys-
tems, Ph.D. thesis, Massachusetts Institute of Technology, Cambridge, MA, 2015.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/040612270
https://doi.org/10.1137/16M1083657
https://doi.org/10.1137/16M1103749
https://doi.org/10.1137/16M1103749

	Introduction
	The existing methods
	New idea

	Convergence analysis in the uniform P-function case
	Asymptotic convergence rate when J is fixed
	Asymptotic convergence rate when T=hJ is fixed
	The case of nonlinear P0-function

	Convergence analysis in the case of linear complementarity
	Applications and numerical results
	The 4-diode bridge wave rectifier
	A projected dynamic system: The spatial price equilibrium

	Conclusions
	Appendix A. The proof of Lemma 2.2
	Appendix B. Details of gPC expansion technique
	Acknowledgment
	References

