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This paper concerns with the insensitizing controllability property of the semilinear 
parabolic equation with dynamic boundary conditions. This problem can be reduced 
to a (relaxed) controllability problem for a coupled parabolic system with dynamic 
boundary conditions. An observability estimate for the corresponding coupled 
system with this type of boundary conditions is established, whose proof relies 
on a new global Carleman estimate.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction and main results

It is well known that, there are three kinds of boundary conditions in PDEs, including Dirichlet bound-
ary conditions, Neumann boundary conditions and Robin boundary conditions. PDEs with these kinds of 
boundary conditions and related control problems have been widely concerned and studied. Another kind 
of boundary conditions is called dynamic (or Ventcel) boundary conditions, which arises from numerous 
practical problems, for instance, a solid in contact with a thin layer of stirred liquid, the dynamic vibrations 
of linear viscoelastic rods, and beams with tip mass attached at their free ends (see [4,11,15]). For PDEs with 
this type of boundary conditions, the well-posedness and controllability problems have been investigated by 
many authors (see [7,6,9] and the rich references therein).

In this paper, we are interested in analyzing the insensitizing controllability property, which means the 
controls are robust to small unknown perturbations on the initial value. Consider the following parabolic 
equation subject to dynamic boundary conditions:
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CONTROLLABILITY PROPERTIES OF DEGENERATE

PSEUDO-PARABOLIC BOUNDARY CONTROL PROBLEMS

Mu-Ming Zhang, Tian-Yuan Xu∗ and Jing-Xue Yin

School of Mathematical Sciences, South China Normal University

Guangzhou 510631, China

(Communicated by Sorin Micu)

Abstract. This paper concerns with the boundary control of a degenerate

pseudo-parabolic equation. Compare to the results those for degenerate para-
bolic equations, we discover that the null controllability property for the degen-

erate pseudo-parabolic equation is false, but the approximate controllability in

some proper state space holds.

1. Introduction and main results. Theoretical research of pseudo-parabolic e-
quations was started due to their numerous physical applications, such as unidi-
rectional propagation of long waves of small amplitude [1], capillary imbibition [9],
and the well-known Benjamin-Bona-Mahony(BBM) equations [28, 29]. Mathemati-
cal study of pseudo-parabolic equations goes back to [22] in early 1970s, since then,
linear and nonlinear pseudo-parabolic equations are investigated in the mathemat-
ical literatures for decades (see [2, 16] and so on).

Control issues for parabolic equations, including deterministic and stochastic par-
abolic equations, have received a lot of attention in the past few decades (see, for
instance, [11],[12],[18],[19], [27] and the rich references therein). Pseudo-parabolic
equations, as an important nonclassical parabolic equations, have been studied ex-
tensively on its control problems. The optimal control and the controllability prop-
erty for this type of equations were first established in [25] and [26], respectively.
Later in [15], the authors proposed the control laws that stabilize systems governed
by the linear and the nonlinear pseudo-parabolic equations and illustrated the appli-
cation of their results by numerical simulations. Further the internal controllability
with the moving control for the pseudo-parabolic equations was considered in [23].

In the last decade, there are a large number of works attributed to the mathe-
matical analysis of the degenerate pseudo-parabolic equations. Several topics on the
degenerate pseudo-parabolic model such as traveling wave solutions and existence of
weak solutions have been addressed, see [3, 20, 24] and other literatures. However,
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In this paper, we prove the existence of interior controls for one-dimensional semi-
linear degenerate wave equations. By using a duality argument, we reduce the 
problem to an observability estimate for the linear degenerate wave equation. First, 
the unique continuation for the degenerate wave equation is established. By means 
of this, and the multiplier method, we obtain the observability estimate.

© 2017 Published by Elsevier Inc.

1. Introduction and main result

Let us consider the following semi-linear degenerate wave equation:⎧⎪⎪⎨⎪⎪⎩
ytt − (xpyx)x + f(y) = χωh (x, t) ∈ Q,

y(0, t) = 0, y(s, t) = 0 t ∈ (0, T ),

y(x, 0) = y0(x), yt(x, 0) = y1(x) x ∈ Ω,

(1.1)

with h ∈ L2(ω × (0, T )) denoting the control, y denoting the state, (y0, y1) being an arbitrary initial value, 
and f ∈ C1(R) being a globally Lispchitz continuous function. In (1.1), T > 0, s > 0, Ω = (0, s) and 
Q = Ω × (0, T ). Let 0 < α < β < s and ω = (α, β) be a nonempty open subset of Ω. χω denotes the 
characteristic function of ω. Take p ∈ (0, 1).
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Funds for the Central Universities under grants 14ZZ2222 and 2412015BJ011, by the National Basic Research Program of China 
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Abstract In this paper, we study the null controllability and approximate controllability
for a class of weakly degenerate parabolic equations with memory by means of bound-
ary controls. Unlike the known result for the degenerate parabolic equation, the degenerate
parabolic equation with memory in general is not null controllable. This is based on the
observability inequality for the adjoint system, which does not hold in the corresponding
space. On the other hand, we prove the approximate controllability property of it in a suit-
able state space with a boundary control, which acts on the degenerate boundary or the
nondegenerate boundary.

Keywords Degenerate parabolic equations with memory · Observability estimates ·
Approximate controllability · The degenerate boundary
Mathematics Subject Classification (2010) 93B05 · 35K05 · 35K65 · 93C20

1 Introduction

Let T > 0 and Q := (0, 1) × (0, T ). For α ∈ (0, 1) and a ∈ R \ {0}, we consider the
following degenerate parabolic equation with memory:

⎧
⎪⎪⎨

⎪⎪⎩

yt − (xαyx)x = a

∫ t

0
y(x, s) ds, (x, t) ∈ Q,

y(0, t) = v1(t), y(1, t) = v2(t), t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ (0, 1),

(1.1)
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Persistent regional null controllability of some
degenerate wave equations

Muming Zhang and Hang Gao*†

Communicated by M. Brokate

This paper is addressed to a study of the persistent regional null controllability problems for one-dimensional linear
degenerate wave equations through a distributed controller. Different from non-degenerate wave equations, the classical
null controllability results do not hold for some degenerate wave equations. Thus, persistent regional null controllability
is introduced, which means finding a control such that the corresponding state of the degenerate wave equation may van-
ish in a suitable subset of the space domain in a period of time. In order to solve this problem, we need to establish the
regional null controllability for degenerate wave equations. This problem is reduced to a suitable observability problem of
a linear degenerate wave equation. The key point is to choose a suitable multiplier in order to establish this observability
inequality. Copyright © 2017 John Wiley & Sons, Ltd.

Keywords: persistent regional null controllability; observability; degenerate wave equation

1. Introduction and main result

Let T 0 > T > 0,� D .0, 1/ and Q0 D � � .0, T 0/. Assume that

a 2 C1. N�/, a.0/ D 0 and a > 0 on .0, 1�. (1)

Set 0 � ˛ < ˇ < 1 and ! D .˛,ˇ/ be a given non-empty open subset of�. Denote by �! the characteristic function of the set !.
Consider the following linear degenerate wave equation with a distributed controller:8̂<

:̂
ytt � .a.x/yx/x C c.x, t/y D �!h .x, t/ 2 Q0,

.ayx/.0, t/ D 0, y.1, t/ D 0 t 2 .0, T 0/,

y.x, 0/ D y0.x/, yt.x, 0/ D y1.x/ x 2 �,

(2)

where h 2 L2.! � .0, T 0// is the control variable, y is the state variable, . y0, y1/ is any given initial value, and c 2 L1.Q0/.
We first introduce a linear space H1

a.�/:

H1
a.�/ D

˚
u 2 L2.�/

ˇ̌
u is locally absolutely continuous in .0, 1�,

p
aux 2 L2.�/ and u.1/ D 0

�
.

Then H1
a.�/ is a Hilbert space with the inner product

.u, v/H1
a.�/
D

Z
�

.uv C aux vx/dx, 8 u, v 2 H1
a.�/.

Also, H�a .�/ denotes the conjugate space of H1
a.�/ and

jvjH�a .�/ D sup
juj

H1
a.�/
D1
hu, viH1

a.�/,H
�
a .�/

.
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Abstract This paper is devoted to a study of the null controllability problems for one-dimensional

linear degenerate wave equations through a boundary controller. First, the well-posedness of linear

degenerate wave equations is discussed. Then the null controllability of some degenerate wave equa-

tions is established, when a control acts on the non-degenerate boundary. Different from the known

controllability results in the case that a control acts on the degenerate boundary, any initial value

in state space is controllable in this case. Also, an explicit expression for the controllability time is

given. Furthermore, a counterexample on the controllability is given for some other degenerate wave

equations.

Keywords Controllability, degenerate wave equation, Fourier expansion, observability.

1 Introduction and Main Results

Let T > 0, L > 0 and α > 0. Set Q = (0, L) × (0, T ). Consider the following linear
degenerate wave equation with a boundary controller:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wtt − (xαwx)x = 0, (x, t) ∈ Q,

⎧
⎪⎨

⎪⎩

w(0, t) = 0, (0 < α < 1)

(xαwx)(0, t) = 0, (α ≥ 1)
t ∈ (0, T ),

w(L, t) = θ(t), t ∈ (0, T ),

w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ (0, L),

(1)
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Abstract This paper shows the existence of insensitizing controls for a class of nonlinear complex Ginzburg-

Landau equations with homogeneous Dirichlet boundary conditions and arbitrarily located internal controller.

When the nonlinearity in the equation satisfies a suitable superlinear growth condition at infinity, the existence

of insensitizing controls for the corresponding semilinear Ginzburg-Landau equation is proved. Meanwhile, if

the nonlinearity in the equation is only a smooth function without any additional growth condition, a local

result on insensitizing controls is obtained. As usual, the problem of insensitizing controls is transformed into

a suitable controllability problem for a coupled system governed by a semilinear complex Ginzburg-Landau

equation and a linear one through one control. The key is to establish an observability inequality for a coupled

linear Ginzburg-Landau system with one observer.

Keywords insensitizing controls, controllability, Ginzburg-Landau equation

MSC(2010) 93B05, 93B07
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1 Introduction and main results

Let n ∈ N\{0} and T > 0. Assume that Ω ⊂ R
n is a bounded domain with a C2 boundary Γ. Set

Q = Ω× (0, T ) and Σ = Γ× (0, T ). Let ω and O be two given nonempty open subsets of Ω, and denote

by χω the characteristic function of the set ω. Unless otherwise stated, we assume that the functions

mentioned in this paper are complex-valued.

Consider the following controlled nonlinear complex Ginzburg-Landau equation:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

yt − (1 + ia)Δy + by + f(|y|2)y = χωu+ ξ, in Q,

y = 0, on Σ,

y(0) = y0 + τ ŷ0, in Ω,

(1.1)

where u is the control variable, y is the state variable, i denotes the imaginary unit, a is any given real

number, b ∈ L∞(0, T ;W 1,∞(Ω)) is any given function, ξ and y0 are two known functions, τ is an unknown

small real number, ŷ0 is an unknown function, and f : R → R is a given real-valued C2 function with

f(0) = 0.
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